We study combinations of risk measures under no restrictive assumption on the set of alternatives. The main result is the representation for resulting risk measures from the properties of both alternative functionals and combination functions. To that, we develop a representation for mixture of convex risk measures. As an application, we address the context of probability-based risk measurements for functionals on the set of distribution functions. We develop results related to this specific context. We also explore features of individual interest generated by our framework, such as the preservation of continuity properties, the representation of worst-case risk measures, stochastic dominance and elicitability.
Introduction
The theory of risk measures in mathematical finance has become mainstream, especially since the landmark paper of Artzner et al. (1999) . For a comprehensive review, see the books of Pflug and Römisch (2007) , Delbaen (2012) and Föllmer and Schied (2016) . Nonetheless, there is still no consensus about the best set of theoretical properties to possess, and even less regarding the best risk measure. See Emmer et al. (2015) for a comparison of risk measures. This phenomenon motivates the proposition of new approaches, such as in Righi and Ceretta (2016) for instance. Under the presence of uncertainty regarding the choice of a proper risk measure from a set of alternatives, one can think into a combination from candidates.
In this paper, we study risk measures of the form ρ = f (ρ I ), where ρ I = {ρ i , i ∈ I} is a set of alternative risk measures and f is some combination function. We propose a framework whereby no assumption is made on the index set I, apart from non-emptiness. Typically, this kind of procedure uses a finite set of candidates, leading the domain of f to be some Euclidean space. In our case, the domain of f is taken by a subset of the random variables over a measurable space created on I. From that, our main goal is to develop dual representations for such composed risk measures from the properties of both ρ I and f in a general sense. For this purpose, we expose results for some featured special cases, which are also of particular interest, such as a worst case and mixtures of risk measures.
There are studies regarding particular cases for f , such as the worst case in Föllmer and Schied (2002) , inf-convolutions on Barrieu and El Karoui (2005) , the sum of monetary and deviation measures in Righi (2018) , finite convex combinations in Ang et al. (2018) , scenario-based aggregation in Wang and Ziegel (2018) , model risk-based weighting over a non-additive measure in Jokhadze and Schmidt (2018) and more. Nonetheless, our main contribution is the generality of our framework and results because the mentioned papers of the literature are special cases in our approach. Moreover, we do not impose a restriction on the set of alternative risk measures, allowing for a more general structure.
We apply our framework to the special situation where I is a subset of probability measures since we frequently do not know if there is a correct one, but we have instead a set of candidates. This is linked to the stream of robust risk measures, as in Cont et al. (2010) , Kratschmer et al. (2014) and Kiesel et al. (2016) . We consider the concept of probability-based risk measurement, which is a collection of risk measures from a functional on the set of distributions generated by probabilities in I. Works such as those of Bartl et al. (2019) , Bellini et al. (2018) , and Guo and Xu (2018) focus on particular risk measures, instead of a general framework. Laeven and Stadje (2013) , Frittelli and Maggis (2018) , Jokhadze and Schmidt (2018) and Wang and Ziegel (2018) explore a concept similar to that of probability-based risk measurement. However, they do not develop the same features we do. In these studies, restrictive assumptions are made on the set I, such as it being finite and possessing a reference measure. We in our turn solely assume non-emptiness.
We have structured the rest of this paper as follows: in section 2 we expose preliminaries regarding notation, a brief background on the theory of risk measures in order to support our framework and our proposed approach with some examples; in section 3 we present results regarding properties of combination functions and how they affect the resulting risk measures in both financial and continuity properties; in section 4 we develop and prove our results on representations of resulting risk measures in terms of properties from both ρ I and f for the general and law invariant cases, as well we address a representation for the worst-case risk measure; in section 5 we explore the special framework of probability-based risk measurement, exposing results specific to this context such as representations, stochastic orders and elicitability.
Preliminaries 2.1 Notation
set of all probability measures on (Ω, F). We denote E Q [X] = Ω XdQ, F X,Q (x) = Q(X ≤ x) and F −1 X,Q (α) = inf{x : F X,Q (x) ≥ α}, respectively, the expected value, the probability function and its inverse for X under Q ∈ P. Furthermore, let Q ⊂ P be the set of probability measures that are absolutely continuous in relation to P with Radon-Nikodym derivatives dQ dP .
Background
Definition 1. A functional ρ : L ∞ → R is a risk measure. It may possess the following properties:
• Convexity:
• Positive Homogeneity:
• Co-monotonic Additivity: 
Beyond usual norm and Fatou-based continuities, point-wise or measures-based ones are relevant for risk measures.
Definition 2. A risk measure ρ : L ∞ → R is said to be:
• Continuous from below: if lim
• Lebesgue continuous: if lim
For a review on details regarding the interpretation of such properties, we recommend the mentioned books on the classic theory.
Theorem 1 (Theorem 2.3 of Delbaen (2002) , Theorem 4.33 of Föllmer and Schied (2016) 
where α min 
where Q ρ ⊆ Q is non-empty, closed and convex called the dual set of ρ.
Example 1. Examples of risk measures:
• Expected Loss (EL): This is a Fatou continuous law invariant co-monotone coherent risk
• Value at Risk (VaR): This is a Fatou continuous co-monotone monetary risk measure de-
• Expected Shortfall (ES): This is a Fatou continuous law invariant co-monotone coherent
• Maximum loss (ML): This is a Fatou continuous law invariant coherent risk measure
When there is Law Invariance, which is the case in most practical applications, interesting features are present.
Theorem 2 (Theorem 2.1 of Jouini et al. (2006) and Proposition 1.1 of Svindland (2010) ). Let ρ : L ∞ → R be a law invariant convex risk measure. Then ρ is Fatou continuous.
Theorem 3 (Theorems 4 and 7 of Kusuoka (2001) , Theorem 4.1 of Acerbi (2002) , Theorem 7 of Fritelli and Rosazza Gianin (2005) 
where M is the set of probability measures on (0, 1] and β min
(ii) ρ is a law invariant coherent risk measure if, and only if, it can be represented as:
where
(iii) ρ is a law invariant co-monotone coherent risk measure if, and only if, it can be represented as:
where m ∈ M ρ .
Proposed approach
Let ρ I = {ρ i : L ∞ → R, i ∈ I} be some (a priori specified) collection of risk measures, where I is a non-empty set. We write, for fixed X ∈ L ∞ , ρ I (X) = {ρ i (X), i ∈ I}. We would like to define risk measures conform ρ(X) = f (ρ I (X)), where f is some combination (aggregation)
function. When I is finite with dimension n, we have that f : R n → R. This situation, which is common in practical matters, brings simplification to the framework. However, when I is an arbitrary set, we need a more complex setup.
Consider the measurable space (I, G). We define L 0 (I) and L ∞ (I) as the spaces of point-wise finite and bounded random variables, respectively. In these spaces we understand equalities, inequalities and limits in the point-wise sense. We define V as the set of probability measures in (I, G). Thus we can associate the domain of f with
We assume that such a map i → ρ i (X) is G-measurable for any X ∈ L ∞ . We also assume that the following maps are G-measurable when the context demands:
for any {Q i ∈ P, i ∈ I}, and i → m i (B)∀B ∈ B(0, 1], B(0, 1] the Borel set of (0, 1], for any {m i ∈ M, i ∈ I}. This assumption is in order to avoid indefiniteness of posterior measure related concepts, such as integration, when these maps appear in the deductions.
From normalization, we have R 0 = 0. Thus we can identify ρ I (X) with R X by ρ I : L ∞ → X .
When each ρ i is bounded, which is the case for any monetary risk measure since ρ(X) ≤ ρ(ess inf X) = − ess inf X < ∞, we have that X ⊂ L ∞ (I). Under this framework, the composition is a functional f : X → R. We use the canonical extension convention that f (R) = ∞ for R ∈ L 0 (I)/X . We consider normalized combination functions conform f (R 0 ) = f (0) = 0.
Example 2. The worst-case risk measure is a functional ρ W C : L ∞ → R defined as
This risk measure is typically considered when the agent seeks protection. When I is finite, the supremum is, of course, a maximum. This combination is the point-wise supremum Example 3. The weighted risk measure is a functional ρ µ : L ∞ → R defined as
where µ is a probability on (I, G). This risk measure represents an expectation regarding µ.
Since i → ρ i (X) is G-measurable, the integral is well-defined. When I is finite, ρ µ is noting more than a convex mixture of the functionals which compose ρ I . The combination function
is the total variation norm. Hence it is somehow continuous in the choice of the measure. If I = (0, 1] and ρ i (X) = ES i (X), we have that ρ µ (X) defines a law invariant co-monotone convex risk measure conform (5), which is Fatou continuous due to Theorem 2. By taking supremum over all probabilities on (0, 1] one gets that ρ µ (X) defines a Fatou continuous law invariant coherent risk measure conform (4). By penalizing for β(µ) before taking the supremum, we obtain representation (3) assuring that ρ µ is a Fatou continuous law invariant convex risk measure. (1 − i).
any spectral risk measure is a special case of ρ µ .
where u : X → R is a monetary utility in the sense that if R ≥ S, then u(R) ≥ u(S) and
In this case the combination is f u = u. Note that u(R) can be identified with π(−R), where π is a risk measure on X . For instance, one can pick π as EL, VaR, ES or ML. In these cases we would obtain, for some base probability µ, ρ µ (X), F −1
R X ,µ (1 − s)ds, and ess sup R X , respectively.
Properties

Properties of combinations
Definition 3. A combination f : X → R may have the following properties:
• Translation Invariance:
• Additivity:
• Fatou Continuity: If lim
Such properties for the combination function f are in parallel to those of risk measures, exposed in Definition 1. Note the adjustment in signs from there. We use the same terms indiscriminately for both f and ρ with reasoning to conform the context. We could have imposed a determined set of properties for the combination. However, we choose to keep a more general framework where it may or may not possess such properties.
. We have that: 
(ii) From the properties of integration, we have that it respects Monotonicity, Translation Invariance, Positive Homogeneity, Convexity and Additivity. For Fatou continuity, let
Then we have from Lebesgue Dominated Convergence and the lower bounded form of Fatou lemma that
Note that for any combination f with the property of Boundedness, i.e |f (R)| ≤ f W C (R), ∀R ∈ X , we have ρ(X) ≤ ρ W C (X). Consequently A ρ ⊆ A ρ W C . From Theorem 1 applied to functionals over L ∞ (I), we have that f µ is the only combination function that fulfills all properties in Definition 3. Since in this case X ⊂ L ∞ (I), we do not need any assumption on ρ I . Proof. From the hypotheses we have:
Financial properties
point-wisely. Hence, R X and R Y belong to the same equivalence class on X and ρ(X) =
Remark 1. Converse relations are not always guaranteed. For instance, spectral risk measures in Example 4 are convex despite the collection {V aR α , α ∈ [0, 1]} is not in general.
Continuity properties
Proposition 3. 
, and ρ i with any property among continuity from above, below or Lebesgue,
Proof. From the hypotheses we have:
(i) From Monotonicity and Sub-Additivity of f and
Then from boundedness of f we get
X n = X and ρ i Lebesgue continuous for any i ∈ I.
Then we have lim
When each ρ i is continuous from above or below, the same reasoning which is restricted to decreasing or increasing sequences, respectively, is valid.
(iii) Similar to (ii), but in this case f lim 
Representations 4.1 General result
In this section, we expose results regarding the representation of composed risk measures ρ = f (ρ I ) based on the properties of both ρ I and f . The goal is to highlight the role of such terms.
We begin the preparation with a Lemma for representation of f , without dependence on the properties of ρ I . 
Proof. The fact that (10) possesses Monotonicty, Translation Invariance, Convexity and Fatou continuity is straightforward. For the only if direction, one can understand f (R) as π(−R), where π is a Fatou continuous convex risk measure on L ∞ (I). Thus, from Theorem 1 and
Remark 3. Since in this case X ⊂ L ∞ (I), we do not need any assumption on ρ I . This is clear by noting that ρ µ (X) = I R X dµ. If in addition f posses Positive Homogeneity, then γ f assumes
) is generated by a monetary collection ρ I , we have that
Note that inf µ∈V γ f (µ) = 0 from the assumption of normalization for f .
We need the following auxiliary result, which may be of individual interest, for interchanging the supremum and integral in a specific case so that it is useful in posterior results. The following
Lemma is a generalization of the (countable) additive property of supremum over the sum of sets.
Lemma 2. Let (I, G, µ) be a probability space, h i : Y → R, i ∈ I, a collection of bounded functionals over a non-empty space Y such that i → h i (y) is G-measurable for any y ∈ Y. Then
where, for any i ∈ I: Y i ⊆ Y, Y i = ∅, and sup
Proof. For every ǫ > 0 we have that exists, for any i ∈ I, y * i ∈ Y i such that
Then, by integrating over I in relation to µ we obtain
Because y * i ∈ Y i , ∀ i ∈ I, by taking the supremum over all sets {y i ∈ Y i , i ∈ I}, we get
Since one can take ǫ arbitrarily, the result follows. 
with convex and lower semi-continuous (on total variation norm) α ρ µ : Q → R + ∪ {∞} defined as
(ii) If in addition ρ i fulfills, for every i ∈ I, Positive Homogeneity, then the representation is
with Q ρ µ = Q ∈ Q : Q = I Q i dµ, Q i ∈ Q ρ i ∀ i ∈ I convex and non-empty.
Proof. From Propositions 1 and 2 we have that ρ µ is a Fatou continuous convex risk measure.
We have used Lemma 2 for the interchange of supremum and integral with Jensen's inequality being used for g. The non-negativity of α ρ µ is straightforward. Note that α ρ µ is well-defined on Q µ since the infimum is not altered for the distinct choices of possible combinations that lead to I Q i dµ = Q. Regarding convexity, let λ ∈ [0, 1],
Concerning lower semi-continuity, let {Q n } ∞ n=1 , Q ∈ Q such that Q n → Q in the total variation norm. Since Q µ is closed because Q also is, when {Q n } ∞ n=1 is not entirely contained in Q µ the result is straightforward. For the case when {Q n } ∞ n=1 , Q ∈ Q µ , we have, for any {Q i ∈ Q, i ∈ I} with I Q i dµ = Q, from Fatou lemma and lower semicontinuity of each α min
Since I Q i n dµ = Q n → Q = I Q i dµ in the total variation norm implies µ{i : Q i n → Q i } = 1, the result follows.
(ii) Let again g : L ∞ × Q → R be defined as g(X, Q) = E Q [−X]. In this framework we obtain
To demonstrate that taking closure does not affect the supremum, let {Q n } ∞ n=1 , Q ∈ Q µ ρ such that Q n → Q in the total variation norm. Then we have
By taking into consideration Q i = P ∀ i ∈ I we have that at least
Since Q ρ i is convex for any i ∈ I we have that λQ 1 +(1−λ)Q 2 ∈ Q ρ µ as desired. Still remains to show that α min ρ µ is an indicator function on cl(Q µ ρ ). Note that α min ρ µ ≤ α ρ µ since for Q ∈ Q/Q µ the result is straightforward, while for Q ∈ Q µ we have
Thus, α ρ µ is well defined on Q ρ µ and we have that 0 ≤ α min ρ µ (Q) ≤ α ρ µ (Q) = 0, ∀ Q ∈ Q ρ µ . Due to the lower semi-continuity property, we have that α min ρ µ (Q) = 0 for any limit point Q of sequences in Q ρ µ . If Q ∈ Q/cl(Q ρ µ ), then α min ρ µ (Q) = ∞, otherwise the dual representation would be violated.
Remark 4. Note that α ρ µ ≥ α min ρ µ . In fact, taking the sum of two penalty functions corresponds to the inf-convolution of the corresponding risk measures. Thus, by bi-duality, α min ρ µ should arise as some kind of inf-convolution of the original penalty terms. What we have is a concrete representation over α ρ µ , which is not the minimal one. By extrapolating the argument, such a result is also useful regarding general conjugate for an arbitrary mixture of convex functionals.
We now have the necessary conditions to enunciate the main result in this section, which is a representation for composed risk measures in the usual framework of Theorem 1. 
where α ρ (Q) = inf µ∈V {α ρ µ (Q) + γ f (µ)} with γ f and α ρ µ defined as in (11) and (13), respectively.
(ii) If in addition to the initial hypotheses f possess Positive Homogeneity, then the penalty
(iii) If in addition to the initial hypotheses ρ i possess, for any i ∈ I, Positive Homogeneity,
(iv) If in addition to the initial hypotheses we have the situations in (ii) and (iii), then the representation of ρ becomes
Proof. From the hypotheses and Proposition 2 we have that ρ is a Fatou continuous convex risk measure.
(i) From Lemma 1 and Proposition 4 we have that
(ii) If f possesses Positive Homogeneity, then γ f assumes value 0 in V f and ∞ otherwise.
Thus, we get
(iii) When each element of ρ I fulfills Positive Homogeneity, we have that α ρ µ (Q) = ∞ ∀ µ ∈ V for any Q ∈ Q/ ∪ µ∈V cl(Q ρ µ ). By adding a non-negative term and taking the infimum, one gets the claim.
(iv) In this context, the generated ρ is coherent from Proposition 2. Moreover, in this case from Lemma 1 and Proposition 4 together to items (ii) and (iii) we have that
In order to verify that the supremum is not altered by considering the closed convex hull,
thus convex combinations do not alter the supremum. For closure, the deduction is quite similar to that used in the proof of Proposition 4.
Remark 5. Again, note that α ρ ≥ α min ρ and reasoning in the previous Remark is repeated. The supremum in (15) could be over
Worst case risk measure
Regarding the specific case of ρ W C , Proposition 9 in Föllmer and Schied (2002) states that
Under coherence of ρ I , Theorem 2.1 of Ang et al. (2018) claims that Q ρ W C = ∪ n i=i conv(Q ρ i ) when I is finite. We generalize this result in our framework of arbitrary I. Proof. From Propositions 1 and 2 we have that ρ W C is a Fatou continuous coherent risk measure when all ρ i also are. Thus, in light of Theorem 1, it has a dual representation. We then have
The fact that supremum is not altered by considering the closed convex hull follows similar steps as those in the proof of Theorem 4. We have that Q ρ W C is non-empty because every Q ρ i contains at least P. Moreover, α min ρ W C is an indicator function over Q ρ W C since for Q ∈ ∪ i∈I Q ρ i , then α min ρ i (Q) = 0 for at least one i ∈ I. Furthermore, note that α min ρ W C ≤ α ρ W C . In fact, for any Q ∈ Q, we have
and thus by taking the infimum one gets the claim. Consequently 0
Q is a convex combination or a limit point. For the first case we have, for Q 1 , Q 2 ∈ Q ∈ ∪ i∈I Q ρ i and
For the second case we have, for {Q n } ∞ n=1 ∈ ∪ i∈I Q ρ i such that Q n → Q in the total variation norm, that
If Q ∈ Q/Q ρ W C and α min ρ W C (Q) < ∞, then the dual representation would be modified. This concludes the proof.
Law invariant case
Under Law Invariance of the components in ρ I , the generated ρ is representable in light of those formulations in Theorem 3. For this, we need an auxiliary result for the representation when ρ µ is law invariant.
Proposition 6. Let ρ I = {ρ i : L ∞ → R, i ∈ I} be a collection of law invariant convex risk measures and ρ µ : L ∞ → R defined as in (7). Then: (i) ρ µ can be represented as:
with convex and lower semi-continuous (in total variation norm) β ρ µ : M → R + ∪ {∞} defined as
(ii) If in addition ρ i fulfills, for every i ∈ I, Positive Homogeneity, then the representation is conform
with M ρ µ = m ∈ M : m = I m i dµ, m i ∈ M ρ i ∀ i ∈ I non-empty and convex.
(iii) If ρ i also is, for every i ∈ I, co-monotone, then the representation is
where m ∈ cl(M ρ µ ).
Proof. From the hypotheses and Proposition 2 we have that ρ µ is a law invariant convex risk measure. The proof follows similar steps to those of Proposition 4 by defining the auxiliary
, which is linear in the second argument. For co-monotonic case in (iii), the result is due to the supremum in (5) be attained for each ρ i .
From Theorem 4 and Proposition 6 it is direct the derivation of results in the next Corollary, which we state without proof due to its similarity with the general case. 
} with γ f and β ρ µ defined as in (11) and (18), respectively.
(iv) If in addition to the initial hypotheses we have the situations in (ii) and (iii), then the representation of ρ becomes
(v) If in addition to the initial hypotheses ρ i possess, for any i ∈ I, Co-monotonic Additivity, then the representation becomes
where m µ ∈ cl(M ρ µ ).
(vi) If in addition to the initial hypotheses we have (ii) and (v), then the representation is conform
Remark 6. Since the co-monotonicity of a pair X, Y does not imply the same property for the pair R X , R Y , the only situation where ρ is co-monotone happens, from Proposition 2 and Lemma 1, when f = f µ . In this case we have
for some m µ ∈ cl(M ρ µ ). It would be possible also to investigate a situation where f posses representation in terms of ES, but we do not consider any base probability on (I, G).
5 Probability based risk measurement
Preliminaries
From now on we work on L ∞ = L ∞ (Ω, F) the space of point-wise bounded random variables by replacing P-a.s. concepts from previous sections by their point-wise counterparts. Note
In this section, our uncertainty is linked to probabilities in the sense that I ⊆ P. We assume that each L ∞ (Q), Q ∈ I, is atom-less. Extreme choices for I are a singleton or the whole P. Other possible choices are closed balls around a reference probability measure based on distance, metric, divergence, or relation, as in Shapiro (2017), for instance. We do not pursue such details via conducting our approach in a more general fashion.
We define risk measurement under the intuitive idea that we obtain the same functional from distinct probabilities that represent scenarios. These may have different interpretations, such as models, economic situations, heterogeneous beliefs, etc.
Definition 4. A probability-based risk measurement is a family of risk measures
It is straightforward to see that ρ Q shares the same properties of the functional X → R ρ (F X,Q ). This definition implies that each ρ Q has Q-Law Invariance or is Q-based in the
In fact, we have the stronger Cross Law Invariance in the sense that if
For more details see Laeven and Stadje (2013) . We could consider risk measurement composed by Qbased risk measures ρ Q without a common link R ρ , but we would be very close to the standard combination theory of previous sections and lack of intuition. We assume that the maps I → F of the form Q → F X,Q are G-measurable for any X ∈ L ∞ when demanded.
Example 6. Cross Law Invariance is respected in all cases exposed in Example 1. We have indeed:
• Expected Loss (EL):
• Value at Risk (VaR):
• Expected Shortfall (ES):
We take an interest in risk measures which consider the whole set I in the sense that they are a combination of probability-based risk measurements conform ρ(X) = f (ρ I (X)), where
. This kind of risk measure is called I-based functional in Wang and Ziegel (2018) .
Remark 7. Propositions 1 and 2 shows that ρ W C is sub-additive for co-monotone random variables because the supremum in (6) is not attained in general. Under some conditions on the set I, such as being tight, Bartl et al. (2019) provide situations whereby we attain supremum.
Moreover, Theorem 1 of Wang and Ziegel (2018) shows that V aR W C α possesses Co-monotonic Additivity in the caso of finite I.
One can argue for the combination of probabilities, as in Maggis et al. (2018) , instead of risk measures generated by combinations in the risk functional framework. However, we now expose examples that refute such possibilities. Let Q W C and Q µ be defined as Q W C (A) = sup {Q(A) : Q ∈ I} , ∀ A ∈ F and Q µ (A) = I Q(A)dµ, ∀ A ∈ F, µ ∈ V, respectively. Note that Q W C is not a probability measure in general since it is not sigma-additive for disjoint sets. With some abuse of notation, let F X,Q W C (x) = Q W C (X ≤ x). Moreover, we do not necessarily have that Q µ ∈ I. If there exists a reference dominant measure P ∈ I such that Q ≪ P, ∀Q ∈ I, then dQ µ dP = I dQ dP dµ. Under this framework, one has a temptation to write ρ Q W C (X) = ρ W C (X) and ρ Q µ (X) = ρ µ (X). However, this in general is not the case, which reinforces the need for our approach.
Proposition 7. Let ρ I = {ρ Q : L ∞ → R, Q ∈ I} be a probability-based risk measurement composed of monetary risk measures, ρ W C : L ∞ → R and ρ µ : L ∞ → R defined as in (6) and (7), respectively. Then:
Proof. From the hypotheses, we have: (i) Since Monotonicity for law invariant risk measures is equivalent to a similar property for
By taking the supremum on the right side, we obtain the claim.
(ii) From proposition 5 of Acciaio and Svindland (2013) , we have that R ρ is concave in F when each ρ Q is convex. We have, for any x ∈ R ∪ {−∞, ∞}, that
In this case, we have that
The claim for equality is a consequence of linearity for the map Q → E Q [X], ∀X ∈ L ∞ and Corollary 2 of Acciaio and Svindland (2013) , which claims EL is the only law invariant convex risk measure that is convex in F.
Representation
It is not possible to obtain a representation like those in Theorem 3 since these risk measures
are not determined by a single probability measure. However, it is nonetheless possible to adapt such representations. In the following Proposition, we establish a direct representation between ρ µ and ES (i) ρ µ can be represented as:
with β ρ µ : M → R + ∪ {∞} defined as in (18).
(ii) If in addition ρ Q fulfills, for every Q ∈ I, Positive Homogeneity, then the representation is conform:
where M ρ µ is defined as in (19).
(iii) If ρ Q also is, for every Q ∈ I, co-monotone, then the representation is conform:
, ∀Q ∈ I, we have that each ρ Q can be considered as the restriction of a functional over L ∞ (Q). Thus, from Theorems 2 and 3 ρ Q can be represented as combinations of ES Q α over probabilities m ∈ M. The proof follows similar steps of Propositions 4 by noticing that
where m ∈ M µ .
Remark 8. The case of ρ µ is special, instead of a rule. For instance, this link for ρ W C is frustrated, since
where β ρ W C (m) = inf Q∈I β min ρ Q (m). The representation of ρ = f (ρ I ) when ρ I is a probability-based risk measurement is quite similar to the one exposed in Corollary 1, but replacing the P-based ES α by ES µ α . This highlights the dependence to whole I. In Theorems 3 and 4 of Wang and Ziegel (2018) a representation for I-based risk measures for the co-monotone and coherent cases is exposed, respectively. Our representation suits the broader class of convex, despite being limited to those generated by a combination. Note that for combinations, Co-monotonic Additivity is achieved only when f is Additive, which is a restrictive situation.
Stochastic orders
It is reasonable to demand that risk measures be suitable for decision making. This is typically addressed under monotonicity with respect to stochastic orders, see Bäuerle and Müller (2006) for instance. However, in the presence of uncertainty regarding choice of a probability measure, adaptations must be done. 
• X 2,I Y (I-based stochastic dominance of second order) if, and only if,
A risk measure ρ : L ∞ → R is said to respect any of the previous orders if X Y implies
Of course, if ρ Q respects 1,Q or 2,Q for any Q ∈ I and f is monotone, then ρ = f (ρ I ) respects 1,I or 2,I , respectively. When I = {P} and risk measures are functionals over L ∞ (Ω, F, P), the standard case, some well known results arise. P-Law Invariance and Monotonicity are equivalent to respect regarding 1,P . It is also known that any P-law invariant convex risk measure respects 2,P . However, this is no always true under general I.
Definition 6. We say a risk measure ρ : L ∞ → R has a (ES, I) representation if
where µ ∈ V and β : M → R + ∪ {∞} is a penalty term.
It is straightforward to note that any functional of this kind is a I-based Fatou continuous convex risk measure. From Proposition 8 and Corolary 1 we have that this is the case for risk measures composed by probability based risk measurements with proper combinations f . It is also the case for I-based coherent risk measures for finite and mutually singular I, see Theorem 4 of Wang and Ziegel (2018) . Proof. From hypotheses we have:
For the converse, note that when I = P we have that ρ is always I-based since F X,Q = F Y,Q for any Q ∈ P implies
From monotonicity of integral and supremum, as well non negativity of penalty terms, we have that ρ(X) ≤ ρ(Y ) for any ρ with a (ES, I) representation. Regarding the converse claim, it is a known result from literature since we have the standard case for a singleton I, see Proposition 5.1 in Föllmer and Knispel (2013) for instance. Remark 9. In (i), the difficulty in the converse claim is because X 1,I Y does not imply X ≥ Y point-wisely. Even when we assume that there is a reference measure P and we work on L ∞ (Ω, F, P) under almost surely sense, the best we can get is to replace P by Q. Since not every I-based convex risk measure possess a (ES, I) representation, it is not possible to obtain the result in (ii) by only assuming Convexity, as occurs in standard case. The converse statement in (ii) needs to be restrictive due to the impossibility of existence for any pair X, Y ∈ L ∞ a comonotone pair Z X , Z Y ∈ L ∞ such that for any Q ∈ I we have F X,Q = F Z X ,Q and F Y,Q = F Z Y ,Q , which essential to the proof when I is a singleton.
Such results highlight the discussion that considering a framework robust to the choice of probability measures may lead to paradoxes regarding decision making based on risk measures.
Nonetheless, such situation is avoided when one considers risk measures generated by adequate composition of probability based risk measurements. This fact reinforces the importance of our approach.
Elicitability
A recently highlighted statistical property is Elicitability, which enables the comparison of competing models in risk forecasting. See Ziegel (2016) and the references therein for more details.
Definition 7. A map S : R 2 → R + is called scoring function if it has the following properties:
• S(x, y) = 0 if, and only if, x = y;
• y → S(x, y) is increasing for y > x and decreasing for y < x, for any x ∈ R;
• S(x, y) is continuous in y, for any x ∈ R. 
Remark 10. Elicitability can be restrictive, because depending on the demanded financial properties at hand, we end up with only one example of risk functional which satisfies the requisites, see Theorem 4.9 of Bellini and Bignozzi (2015) and Theorem 1 in Kou and Peng (2016) . For instance, EL and VaR are elicitable, while ES and ML are not.
We can express a non-elicitable risk measure in the case it is a combination of some elicitable probability-based risk measurements in terms of a minimization argument for the same score function. This is very useful, for instance, to coherent and spectral risk measures, since they are combinations fo EL and VaR, respectively. We expose a result for both f W C and f µ .
Proposition 10. Let ρ I = {ρ Q : L ∞ → R, Q ∈ I} be a probability-based risk measurement which is elicitable under the scoring function S : R 2 → R + , ρ W C : L ∞ → R and ρ µ : L ∞ → R defined as in (6) and (7), respectively. Then:
(i) If I is a convex set then we have
(ii) For Q µ (A) = I Q(A)dµ, ∀ A ∈ F we have
Proof. From hypotheses, we have that:
(i) Let G = [inf X, sup X]. We have that G ⊂ R is a compact set. Moreover, we have from Definition 7 that S(X, y) ≥ S(X, inf X) for y ≤ inf X and S(X, y) ≥ S(X, sup X) when y ≥ sup X. Thus, the minimization of E Q [S(X, y)] is not altered if we replace R by G. The last step in this deduction is due to the minimax theorem, which is valid since both Q and G are convex, G is compact, plus both functions S and E Q possess the necessary continuity properties in the demanded argument.
(ii) From Lemma 2 and the fact that y = I y Q dµ ∈ R, for any {y Q ∈ R, Q ∈ I}, we have X,P (α) . Similar results can be developed for the concepts of Backtestability and Identifiability, as in Acerbi and Szekely (2017) , but we do not pursue them in this paper.
